Abstract. There are two reasonable analogs of Euclidean convexity in hyperbolic geometry on the unit disk D. One is hyperbolic convexity and the other is hyperbolic 1-convexity. Associated with each type of convexity is the family of univalent holomorphic maps of D onto subregions of the unit disk that are hyperbolically convex or hyperbolically 1-convex. The class of hyperbolically convex functions has been the subject of a number of investigations, while the family of hyperbolically 1-convex functions has received less attention. This paper is a contribution to the study of hyperbolically 1-convex functions. A main result is that a holomorphic univalent function f defined on D with f (D) ⊆ D is hyperbolically 1-convex if and only if f /(1 − wf ) is a Euclidean convex function for each w ∈ D. This characterization gives rise to two-variable characterizations of hyperbolically 1-convex functions. These two-variable characterizations yield a number of sharp results for hyperbolically 1-convex functions. In addition, we derive sharp two-point distortion theorems for hyperbolically 1-convex functions. 
Introduction.
There are two natural analogs of Euclidean convexity in hyperbolic geometry. One of the two has received more attention than the other. First, a subregion Ω of the unit disk D = {z : |z| < 1} is called hyperbolically convex (relative to hyperbolic geometry on D) if for all points A, B ∈ Ω the arc of the hyperbolic geodesic in D connecting A and B (the arc of circle joining A and B that is orthogonal to the unit circle) lies in Ω. A holomorphic and univalent function f on D is called hyperbolically convex if its image f (D) is a hyperbolically convex subset of D. Hyperbolically convex functions have been studied in [4] , [5] , [7] - [9] and [11] . There is another notion of convexity in hyperbolic geometry that can be viewed as an analog of Euclidean convexity. A subregion Ω of D is called hyperbolically 1-convex (relative to hyperbolic geometry on D) if for any pair of points A, B ∈ Ω both of the two shorter circular arcs of constant hyperbolic curvature 1 in D connecting A and B lie in Ω. Arcs of constant hyperbolic curvature 1 are 186 W. Ma et al. arcs of horocycles; that is, circles in D that are tangent to ∂D. Given distinct points A and B in D there are precisely two circles through A and B that are tangent to the unit circle. A holomorphic and univalent function f on D is called hyperbolically 1-convex if its image f (D) is a hyperbolically 1-convex subset of D. Hyperbolically 1-convex functions have been considered in [8] and [9] . In these references the functions are called hyperbolically 2-convex due to a different normalization of the hyperbolic metric on D. As observed in [9] , hyperbolic 1-convexity in hyperbolic geometry often plays a role in hyperbolic geometry analogous to the roles of Euclidean convexity in Euclidean geometry and spherical convexity in spherical geometry, while hyperbolic convexity sometimes presents intriguing differences.
Throughout this paper, we let B be the family of all holomorphic functions f in D with f (D) ⊆ D. We also denote by K 
Our principal goal is to extend an idea [8] h that is holomorphic in each of the two variables. By using this two-variable characterization, we obtain a number of results for K 1 h including connections with starlike functions and best possible lower bounds on Re{f (0)f (z)}, Re{zf (z)/f (z)} and Re{1 + zf (z)/f (z)}. We also give sharp upper and lower estimates on the "hyperbolic derivative"
). Finally, we derive sharp two-point distortion theorems for K 
Preliminaries.
Let Ω be a region in D. The hyperbolic metric on Ω is denoted by λ Ω (w)|dw| and is normalized to have curvature 
is a normalized Euclidean convex function for each ϕ ∈ R, so
An appropriate choice of ϕ gives
If we apply this inequality to
, which satisfies our assumption, we obtain, for any ζ ∈ D,
h . Theorem 3.1 is a stronger result and characterizes K 1 h . Theorem 3.1 is analogous to a result on spherically convex functions due to Mejia and Pommerenke [10] ; however, Theorem 3.1 does not require the normalization f (0) = 0 as does the result in [10] .
4. Two-variable characterizations. Theorem 3.1 yields two-variable characterizations for K 1 h that are holomorphic in each variable. Recall that a holomorphic function g in D is Euclidean convex if and only if (see [13] and [14] )
holds for all w ∈ D.
Proof. By using Theorem 3.1 and (4.1), we have
This is equivalent to (4.2).
Theorem 4.1 with the special choice w = f (z) characterizes hyperbolically convex functions (see [11] and [7] ). We now give a symmetric twovariable characterization.
for all w, ω ∈ D.
2) holds. By interchanging z and ζ, and replacing w by ω, we obtain
By adding this inequality to (4.2) and then dividing by 2, we get (4.3). Next, assume (4.3) holds. In particular, when ζ = z and ω = w, (4.3) becomes
and note |w| = 1 since
Therefore, for z ∈ D \ {0},
and the inequality trivially holds for z = 0. This is equivalent to (1.2), which characterizes K 1 h .
Applications. Recall that a holomorphic and univalent function
is starlike of order 1/2 for each ζ ∈ D and each w ∈ D.
Proof. Direct calculations give
Thus, Theorem 5.1 follows from Theorem 4.1.
For the special value w = f (ζ), the analogous result characterizes hyperbolically convex functions [6] .
.
Proof. It is known (see [12] ) that Re{F (z)/z} > 1/2 if F is starlike of order 1/2. Then Theorem 5.1 implies the first inequality. For ζ = z, the first inequality becomes
From the lower bound in (2.3),
, so (5.1) is best possible for each α ∈ (0, 1).
is starlike in D.
Now we derive the sharp order of Euclidean convexity for functions in
This result is best possible for each α ∈ (0, 1).
This together with Corollary 5.2 yields
The right-hand side approaches
2) is best possible for each α. For locally univalent holomorphic functions, the order of starlikeness is clearly at least the same as the order of convexity. The first part of our next result provides a comparison in the other direction for f ∈ K 
Proof. From (5.3) and (5.4),
In order to derive the upper bound on |f (z)|, we define
This together with (5.5) implies that F is starlike of order α and so (see [3] )
. This is equivalent to the second inequality in Theorem 5.5.
If f is meromorphic and satisfies (1 − |z|
where a 2 = f (0)/2. For normalized Euclidean convex functions f , Fournier, Ma and Ruscheweyh [2] established the stronger result Re{a 2 f (z)} > −1/2, z ∈ D. Related inequalities hold for hyperbolically convex functions [7] .
The result is best possible for each α ∈ (0, 1).
Proof. By Theorem 4.1, the function
By choosing w = −f (ζ)/|f (ζ)|, we find
Therefore,
If a 2 = 0, the desired inequality clearly holds. If a 2 = 0, then Re{a 2 f (ζ)} is a non-constant harmonic function of ζ. By using (2.3) and the fact that this lower bound tends to α/(2 − α) as |ζ| → 1, we obtain, for any ζ ∈ D, 
It is straightforward to check that the infimum of Re{a
for all z ∈ D. The constant 2 is best possible.
Proof. First, assume f ∈ K 1 h . Because of the invariance of the quantities involved, it suffices to establish (5.6) in the special case that z = 0 and f (0) = 0. From Theorem 3.1, g = f /(1 − wf ) satisfies Trimble's inequality (see [15] )
Because S g (0) = S f (0) and g (0)/g (0) = f (0)/f (0) + 2wf (0), we obtain 
Sharp bounds on the hyperbolic derivative. In this section, we derive sharp upper and lower bounds on the hyperbolic derivative
All of these bounds are sharp.
Proof. We need only consider those f that are not conformal automorphisms of D since the inequalities clearly hold for conformal automorphisms of D. For any pair of fixed a, b ∈ D, let γ : , b) , be the hyperbolic geodesic connecting a, b and parametrized by hyperbolic arc length. Then z (s) = , where e iθ (s) is the Euclidean unit tangent of γ at z(s). From [4] we have
and applying (2.2) we find that
By integrating this inequality over [0, L], we obtain
This is equivalent to the upper bound in (6.1). The lower bound in (6.1) is obtained by interchanging a and b in the upper bound.
By setting a = 0 and b = z in (6.1), we find
Simplifying both sides gives (6.2). For k α , direction calculation gives
This shows that the upper bounds are sharp. The sharpness of the lower bounds follows from
7. Two-point distortion theorems. In this section, we present twopoint distortion theorems for functions in K 1 h . The method is very similar to that employed in [6] in which two-point distortion theorems for bounded univalent functions were established. If a proof is similar to that for bounded univalent functions, we do not hesitate to omit some of the details. Note that a different normalization of the hyperbolic metric was employed in [6] , so some formulas here are slightly different from the corresponding formulas in [6] .
Assume
is a smooth path in D parametrized by hyperbolic arclength. For any real number p = 0, set
Then (see [6] )
and so
Here κ D (z(s), γ) denotes the hyperbolic curvature of γ at z(s), with a similar interpretation of the term
The following integral inequalities were established in [6] .
Then the following inequalities hold :
and equality holds if and only if v(s) = Ae

±kps
, A > 0; and
and equality holds if and only if v(s) = Ae
±kps
, A > 0. , we have
Wirths [16] proved
This is an identity on (−1, 1) for k α . From (7.7) and (2.2), we obtain
. Thus, v(s) satisfies the hypotheses of Proposition 7.1 for k = 1 and p ≥ 1. Since a, b) and the left-hand side of (7.5) is an increasing function of L, By using (7.7) and (2.2) and assuming p ≥ 1.5, we obtain
Hence, v satisfies the conditions of Proposition 7.1 for k = 1 and p ≥ 1.5. In this case, This is equivalent to the inequality in (b).
